2.3.9. Alternate derivation of the Kronig-Penney equation4

First we recognize that the Schrodinger equation is of the form:

d?¥y 2m(V(x) — E)

> +U(X)¥ =0, where U(x) = 2 (2.3.41)
X

All solutions to this equation can be written as a linear combination of two arbitrary, but linearly
independent, particular solutions. These can be chosen to be real since U(X) isareal function.

L et the two particular solutions be ¥;1(X) and W2(x). From the periodicity of U(X):
U(x+a) = U(X) (2.3.42)

it follows that ¥;(x+a) and W,(x+a) are also solutions, so that there exist real coefficients Ay,
A1z, Az and Ay, for which:

Y. (x+a) B A, A, P,(X)
{‘Pz(x+ a)}_{A21 AQZ}{TZ(X)} (2.3.43)

The solution for the actual wavefunction W(X) is alinear combination of the real solutions, ¥1(x)
and W(x), with coefficients p and q:

(X)) = pP1(x)+ q¥2x) (2.3.44)
such that
Y(x+a) = A¥Y(X) (2.3.45)

Thisis an eigenvalue problem and a solution exists for,:

‘An_ﬂ A12 ‘

N AT 0 (2.3.46)

The corresponding eigenvalues are:

B =B B, - ) - (it By @347)

4 Courtesy of Willy Sierens, 10/02/2007
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Since the wavefunction W(x) can aso be expressed using Bloch functions:
Y (X) = u(x) exp(xikx) with u(x+a) = u(x) (2.3.48)
The eigenvalue equation can be reformulated as:
Y(x+a) = u(x) exp(tika) exp(zikx) = ¥ (x) exp(tika) (2.3.49)
so that
A, =exp(£ika) (2.3.50)
Combining (2.3.47) with (2.3.50) resultsin:
A, +A, =4 +4,=2coska (2.3.51)

We now construct the real functions ¥1(x) and W,(x) corresponding to the Kronig-Penney
potential, while requiring the functions and their derivatives to be continuous at x = O:

Y, (x) =expox, for b<x<0

a (2.3.52)
Y, (X) =cos,8x+Esin,6’x,for O<x<a-b
and
Y, (X) =exp(-ax), for -b<x<0
o (2.3.53)
Y,(X) = cosﬁx—zsinﬁx, forO<x<a-b
where
A2 -E N
o= % and = 2;_[“'5 (2.3.54)

The wavefunctions in the section between x = a-b and x = a, are now obtained using (2.3.43).

Y, (X)=A,expax+ A, exp(-ax) , fora-b<x<a

¥, (X)= A, expax+ A, exp(-ax), fora-b<x<a (2.3.55)

Both functions and their derivatives also need to be continuous at x = a-b, leading to:

A, = a’ - f* expabsin B(a—b) + exp abcos S(a - b) (2.3.56)
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A, =- a;; [f 2 exp(—ab) sin f(a—b) + exp(—ab) cos f(a—b) (2.3.57)

combining (2.3.56), (2.3.57) and (2.3.51) then yields:

2 _ p2
coska:azlf sinh absin f(a - b) + cosh abcos f(a—b) (2.3.58)
a
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